Abstract. The anticanonical complex has been introduced as a natural generalisation of the toric Fano polytope and so far has been succesfully used for the study of varieties with a torus action of complexity one. In the present article we enlarge the area of application of the anticanonical complex to varieties with a torus action of higher complexity, for example, arrangement varieties.
Introduction
We consider irreducible normal quasiprojective varieties X with only constant invertible global functions, finitely generated divisor class group Cl(X), and complete intersection Cox ring R(X) = Cl(X)
Γ(X, O(D)).
Note that this comprises for instance Mori dream spaces but also affine varieties may satisfy the above properties. We provide the necessary details of our setting; for the general background we refer to [2] . The complete intersection property of R(X) means that we a have a realisation
where R is a finite set of indices, the variables T ̺ are nonassociated Cl(X)-primes, the relations g 1 , . . . , g s are Cl(X)-homogeneous and the dimension of R(X) equals |R| − s. The degree map Q : Z R → Cl(X) is defined by Q(e ̺ ) := deg(T ̺ ) ∈ Cl(X). We fix a linear embedding P * : Z n → Z R with im(P * ) = ker(Q). In these terms, the anticanonical class is given by
The class K X ∈ Cl(X) defines a quasiprojective toric variety Z with divisor class group Cl(Z) ∼ = Cl(X), such that K X is an ample class on Z and X is a closed subvariety of Z. Removing stepwise closed torus orbits from Z, we achieve that X intersects every closed torus orbit of Z. In this situation we refer to Z as the the minimal ambient toric variety of X. With the dual map P : Z R → Z n of P * the defining fan Σ in Z n of Z has precisely the vectors v ̺ := P (e ̺ ) ∈ Z n as the primitive generators of its rays.
We now recall the construction of the anticanonical complex closely following [3] ; note that we allow more generally also nonprojective varieties. Let γ R ⊆ Q R be the positive orthant and let e Σ ∈ Z R be any representative of the canonical class K Z of Z. Define polytopes B(−K X ) := Q −1 (−K X ) ∩ γ R ⊆ Q R and B := B(g 1 ) + . . . + B(g s ) as the Minkowski sum of the Newton polytopes B(g i ) of the relations g i . Let T Σ be the acting torus of the minimal ambient toric variety Z Σ with fan Σ and trop(X) ⊆ Q n the tropical variety of X ∩ T Σ , where we fix a fan structure on trop(X) . Definition 1.1. Assume that the anticanonical class of X is ample.
(i) The anticanonical polyhedron of X is the dual polyhedron A X ⊆ Q n of the polyhedron B X := (P * ) −1 (B(−K X ) + B − e Σ ) ⊆ Q n .
(ii) The anticanonical complex of X is the coarsest common refinement of polyhedral complexes A c X := faces(A X ) ⊓ Σ ⊓ trop(X).
(iii) The relative interior (A c X )
• of the anticanonical complex is the interior of its support with respect to the intersection Supp(Σ) ∩ trop(X).
These are the necessary concepts from [3] . The next step is to figure out a suitable way of resolving singularities. The idea is in the spirit of Tevelev's work [7] , also taken up in the explicit approach in [3] . We will slightly modifiy the latter and proceed as follows. Let X be any normal variety with a closed embedding into a toric variety Z Σ with defining fan Σ and acting torus T Σ .
Definition 1.2.
(i) We call X weakly tropical, if the support of the fan Σ is contained in the tropical variety trop(X ∩ T Σ ). (ii) We call the morphism X ′ → X defined by the map of fans Σ ′ := Σ ⊓ trop(X ∩ T Σ ) → Σ the weakly tropical resolution of X. Definition 1.3. Assume that X ⊆ Z Σ is weakly tropical. We call X weakly toric if for every cone σ ∈ Σ, there is a maximal cone τ σ ∈ trop(X) such that X σ := X ∩ Z σ is an open subset of the toric variety Z(σ) defined by the lattice cone (σ, lin(τ σ )∩Z n ).
For varieties with a torus action of complexity one, weakly tropical varieties are always weakly toric. In Section 3 we treat varieties with a torus action of higher complexity and provide in Theorem 3.4 a criterion for practical use. Definition 1.4. By a tropical resolution of X ⊆ Z Σ , we mean a two-step resolution of singularities X ′′ → X ′ → X arising from maps of fans Σ ′′ → Σ ′ → Σ, where X ′ → X is a weakly tropical resolution and X ′′ → X ′ is a weakly toric resolution, meaning that X ′ ⊆ Z Σ ′ is weakly toric and Σ ′′ → Σ ′ defines a toric resolution
Now we present our results. For this, let X be an irreducible normal quasiprojective variety with only constant invertible global functions, finitely generated divisor class group Cl(X), and complete intersection Cox ring. The main generalisation compared to [3] is that we neither assume X ′ nor X ′′ to have a finitely generated Cox ring. Theorem 1.5. Assume that the anticanonical class of X is ample and there is a tropical resolution X ′′ → X ′ → X arising from maps of fans Σ ′′ → Σ ′ → Σ. Then the discrepancy a ̺ along a divisor D ̺ corresponding to a ray ̺ ∈ Σ ′′ \ Σ is given by
where v ′ ̺ is the intersection point of the ray ̺ and the boundary ∂A • .
Similar to [3] the result yields characterisations of log terminal (canonical, terminal) singularities. As an example class we treat in Sections 4 and 5 the case of general arrangement varieties as described in [4] , dropping the requirement to be projective. General arrangement varieties are varieties with a torus action of arbitrary complexity c, where the maximal orbit quotient is a c-dimensional projective space and the critical locus is a hyperplane arrangement in general position.
Theorem 1.7. Every general arrangement variety is tropically resolvable.
This allows us to apply Theorem 1.6 to the class of these varieties. The Cox ring of a general arrangement variety is a complete intersection ring of the form
. . , g r−c−1 in variables T ij , S k and the polynomials g i have c + 2 terms each and are given as
ini for i = 0, . . . , r and a s,t ∈ C * . Each variable T ij , S k corresponds to a ray ̺ ij , ̺ k of the fan Σ defining a toric embedding of the general arrangement variety X into a toric variety Z Σ ; see Section 4 for the precise statements. For a ray ̺ of Σ we denote by l ̺ the exponent of the corresponding variable T ̺ in the relations of the Cox ring. With this notaion we obtain the following restrictions on the exponents l ̺ depending on the singularities occurring in X. Theorem 1.8. Let X be a general arrangement variety with minimal ambient toric variety Z Σ , −K X ample and a cone of the form σ = ̺ 0,i0 + . . . + ̺ r,ir ∈ Σ. If the singularity defined by σ is (i) log terminal, then
As an application we characterise log-terminality of general arrangement varieties of complexity two purely in terms of the occuring exponents l j,ij . Corollary 1.9. Let X be a general arrangement variety of complexity two with minimal ambient toric variety Z Σ , −K X ample. Consider a cone of the form σ = ̺ 0,i0 + . . . + ̺ r,ir ∈ Σ defining a log terminal singularity. Assume l 0,i0 ≥ · · · ≥ l r,ir . Then l 4,i4 = . . . = l r,ir = 1 holds and the tuple (l 0,i0 , l 1,i1 , l 2,i2 , l 3,i3 ) is one of the following: 
Discrepancies
This section is dedicated to the proof of Theorems 1.5 and 1.6. The notation is the one introduced in Section 1.
Lemma 2.1. Let X be a weakly toric variety closely embedded into a toric variety Z Σ with defining fan Σ and acting torus T Σ . Let π : Z ′ → Z Σ be a toric resolution of singularities arising from a refinement Σ ′ of Σ. Then the following statements hold:
In particular X ′ is smooth.
Proof. We prove both assertions at once. Letσ ∈ Σ be any cone and denote bỹ Σ ′ the subfan of Σ ′ projected ontoσ. Then we have π −1 (Zσ) = Z ′ Σ ′ . Consider the toric varieties Z(σ) and Z(Σ ′ ) defined by the lattice fans (σ, Z r ∩ lin Q (σ)) and (Σ ′ , Z r ∩ lin Q (σ)). Then we obtain isomorphisms
As X is weakly toric, Xσ := X ∩ Zσ is an open subset of Z(σ) and we obtain π
as π is an isomorphism on the regular locus. As both sets are closed subsets of Z 
As U is open in Z, there exists a canonical divisor
In particular there exists a canonical divisor
, which fullfills the assertion.
We are now ready to prove our first main result:
Proof of Theorem 1.5. Consider the tropical resolution
Then the discrepancies along the composition ψ • ϕ are given via
where
and the divisors A i are exceptional. We write R ⊆ Σ, R ′ ⊆ Σ ′ and R ′′ ⊆ Σ ′′ for the respective sets of rays. The exceptional divisors of ψ • ϕ : X ′′ → X are precisely the divisors D̺ X ′′ given by the rays̺ ∈ R ′′ \ R. We fix such̺ and compute the discrepancy of ψ • ϕ along D̺ X ′′ . Let B := B(g 1 ) + . . . + B(g s ) be the Minkowski sum of the Newton polytopes B(g i ) for the defining relations g i in the Cox ring of X. The inverse image P −1 (̺) is contained in a maximal cone τ ∈ N (B(−K X ) + B). Let η ∈ B(−K X ) + B be the vertex corresponding to τ . Then η = ν −KX + ν with vertices ν −KX ∈ B(−K X ) and ν ∈ B.
As X has complete intersection Cox ring we may choose the following Weil divisor as a canonical divisor on X:
where ν = (ν ̺ ; ̺ ∈ R). Moreover as any ray inserted in the weakly tropical step ϕ is contained in the lineality part of trop(X ∩ T Σ ) we can choose the following canonical divisor on X ′ :
X is supported on the exceptional locus. Let σ ∈ Σ be the cone with relint(̺) ⊆ relint(σ). Then, on the corresponding chart X σ := X ∩ Z σ , the divisor D c X is rationally principal and we claim that on X σ ′ the divisor has a presentation
where m ∈ Z >0 such that mu is integral and χ mu denotes the pullback of the toric character function on Z Σ associated to mu. We obtain
Thus in order to verify the claim, we have to show that ν −KX , e ̺ = 0 holds for all rays ̺ of σ. Due to ampleness of the anticanonical class we obtain B(−K X ) ∩ relint( σ ⊥ ∩ γ R ) is non-empty and thus contains some element e. As relint(̺ ′ ) ⊆ relint(σ) holds, we can choose a vector µ = ̺∈σ(1) b ̺ ̺ with positive b ̺ in the preimage P −1 (̺ ′ ). By the choice of e we have e, µ = 0 and as ν −KX ∈ B(−K X ) is a minimising vertex of µ, we conclude ν −KX , µ = 0 and thus ν −KX , e ̺ = 0 for all rays ̺ of σ.
Let σ ′ ∈ Σ ′ be the cone with relint(̺) ⊆ relint(σ ′ ). Observe that we are in one of the following two cases: Either̺ = σ ′ and thus̺ ∈ Σ ′ or̺ ⊂ σ ′ . In the first case the discrepancy a̺ of ψ :
Moreover, as D̺ X ′ is not exceptional for ϕ : X ′′ → X ′ this equals the discrepancy along ψ • ϕ. Now assume̺ = σ ′ and denote by ∆ the fan mapping via ϕ onto σ ′ . Then as X ′ σ ′ := X ′ ∩ σ ′ is weakly toric, Lemma 2.1 implies that X ′′ ∆ := X ′′ ∩ ∆ is weakly toric. Thus due to Lemma 2.2 the canonical divisors of X ′′ resp. X ′ are weakly toric given as
and we obtain
where a ̺ ′ are the discrepancies along ψ as calculated above. As u,
is supported on the exceptional locus and the discrepancy a̺ of ϕ • ψ :
along D̺ X ′′ and thus is given as
To conclude the proof one calculates u, v̺ as in the proof given in [3] .
Remark 2.3. Let X be a complete weakly toric Mori dream space with minimal ambient toric variety Z. Consider any completion Z ′ of Z. Then the anticanonical complex of X equals the intersection of the Fano polytope of Z ′ with the tropical variety of X.
Proof of Theorem 1.6. The arguments are the same as in [3] but one has to replace [3, Prop. 2.3] with our Theorem 1.5.
Weakly toric T -varieties
We take a closer look at A 2 -varieties, for instance quasiprojective varieties, with finitely generated Cox ring endowed with an effective torus action. First we recall their description via the maximal orbit quotient as presented in [4] . Then, we go on proving Theorem 3.4, which gives a sufficient condition on the maximal orbit quotient of a variety X for allowing a tropical resolution of X.
We say that a variety X has the A 2 -property, if every two points in X have a common affine neighborhood and that an A 2 -variety X is A 2 -maximal, if X doesn't allow an open embedding into an A 2 -variety X ′ with non-empty complement X ′ \ X of codimension at least two; see [2, Section 3.3.2.5]. 
where we require the columns
to be pairwise different and primitive and generate Q t+s as a vector space. Choose any fan Σ in Z t+s having the columns v ij , v k as the primitive generators of its rays and denote by Z Σ the associated toric variety. We obtain a commutative diagram
where the downwards rational map from Z Σ to Z ∆ is given by the projection of tori T t+s → T t and we define
to be the closure of the inverse image of Y under T t+s → T t .
The varieties X arising by this construction are invariant under the action of the torus T s . Moreover in [4] it is proved that any A 2 -maximal variety with finitely generated Cox ring endowed with a torus action is equivariantly isomorphic to a variety X(α, P, Σ) from Construction 3.1.
To explain how to reconstruct an A 2 -maximal variety X with an effective torus action having a finitely generated Cox ring, from a variety Y via Construction 3.1 it is necessary to recall some facts about the maximal orbit quotient : Denote by X 0 the set of points in X with at most finite T -isotropy. Due to a result of Sumihiro [6] there is a geometric quotient of the T -action on X 0 on a possibly non-seperated prevariety X 0 /T . From a separation of this quotient [2, Section 4.4] we obtain a variety Y and a rational map X Y called the maximal orbit quotient of the torus action on X. Starting with that Y in Construction 3.1, one is able to reconstruct X.
Let X be an A 2 -maximal variety with finitely generated Cox ring obtained by Construction 3.1 via its maximal orbit quotient π : X Y and the notation be as in this construction. 
Assume that Y is weakly toric and every σ ∈ Σ is projected via the projection P 1 : Z t+s → Z t onto a cone P 1 (σ) ∈ ∆, then the following statements hold.
Proof. We prove both assertions at once. First note that for any maximal cone τ ∈ trop(Y ∩ T t ) the inverse image π −1 (τ ) is a maximal cone of trop(X ∩ T t+s ). Let δ ∈ ∆ be contained in a maximal cone τ ∈ trop(X ∩ T t+s ) and denote by Σ ′ := {σ ∈ Σ; P 1 (σ) δ} the subfan of Σ projected onto δ. Then we have isomorphisms
where Z(Σ ′ ) and Z(δ) denote the toric varieties corresponding to the lattice fans
We claim that π −1 (Z(δ)) = Z(Σ ′ ) holds. As lin Q (τ ) ∩ Z t is a saturated sublattice of Z t , we obtain a decomposition
By maximality of τ and thus P −1 1 (τ ), the lineality part of trop(X∩T t+s ) is contained in lin Q (P −1 1 (τ )) ∩ Q t+s . In particular ker(P 1 ) ∩ {0} × Q k ′ = {0}. Since P 1 is a surjection on the lattice fans of Z(Σ ′ ) and Z(δ), we obtain π −1 (Z(δ)) = Z(Σ ′ ) as claimed. As Y δ is openly embedded into Z(δ) we obtain
, it is irreducible. Moreover since dim X Σ ′ = dim π −1 (Y δ ) and both are closed subsets of Z Σ ′ the assertions follow.
Theorem 3.4. Let X be an irreducible normal A 2 -maximal variety with only constant invertible global functions, finitely generated divisor class group and finitely generated Cox ring endowed with an effective action of an algebraic torus. Let X Y be its maximal orbit quotient and let Σ resp. ∆ be the fans of the corresponding minimal ambient toric varieties of X resp. Y . If Y is weakly toric and every cone σ ∈ Σ is projected onto a cone δ ∈ ∆ under the induced map trop(X) → trop(Y ) then X is weakly toric. In particular X is tropically resolvable.
Proof. This is statement (ii) of Proposition 3.3.
General arrangement varieties
In this section we treat the example class of general arrangement varieties. We recall the basic facts about these varieties and prove in Theorem 4.10 that weakly tropical general arrangement varieties are weakly toric. The second main result in this section is Corollary 4.11, where we give conditions on when T -varieties with a weakly tropical general arrangement variety as maximal orbit quotient are weakly toric . 
whereby we require the columns of the matrix P to be pairwise different, primitive and generate Q r+s as a vector space.
Write K[T ij , S k ] for the polynomial ring in the variables T ij , where i = 0, . . . , r, j = 1, . . . , n i , and S k , where k = 1, . . . , m. Every l i defines a monomial
Moreover, for every t = 1, . . . , r − c, we obtain a polynomial g t by computing the following (c + 2) × (c + 2) determinant
Now, let e ij ∈ Z n and e k ∈ Z m denote the canonical basis vectors and consider the projection
onto the factor group by the row lattice of P . Then the K-graded K-algebra associated with (A, P ) is defined by 
Construction 4.3.
Let R(A, P ) be a K-graded K-algebra as in Construction 4.1. Let Σ be any fan in Z r+s having precisely the rays through the columns of P as its one-dimensional cones and let Z Σ be the associated toric variety. Consider a linear embedding P c ⊆ P r given by P c = V (h 1 , . . . , h r−c ),
where the tuples a 0 , . . . , a r are the columns of the matrix A. Then we obtain a commutative diagram
where the downward rational map Z Σ P r is given by a projection of tori T r+s → T r and the variety X(A, P, Σ) := π −1 (P c ∩ T r ) ZΣ normal with dimension, invertible functions, divisor class group and Cox ring given by
By construction X(A, P, Σ) is T s ⊆ T r+s invariant. Moreover this action is effective and of complexity c and the embedding X(A, P, Σ) is equivariant under this action. Finally, the dashed downward arrow on the l.h.s. indicates the maximal orbit quotient from Section 3 for the T s -action on X(A, P, Σ). The critical locus is the intersection of P c with the coordinate hyperplanes of P r and thus is the general hyperplane arrangement ) Consider the corresponding toric variety Z Σ and the rational morphism π : Z Σ P 3 given by the projection of tori T 3+1 → T 3 . The resulting variety X(A, P, Σ) =
ZΣ is a Gorenstein Fano variety of dimension three, Picard number one and Cox ring R(A, P ) coming with a C * -action.
From now on let X = X(A, P, Σ) be a general arrangement variety with toric embedding into a toric variety Z Σ with defining fan Σ and acting torus T r+s .
Lemma 4.7. The tropical variety of
Proof. Let X P c be the maximal orbit quotient of the T s action on X. Then Remark 3.2 implies that
holds, where P c is embedded into the toric variety P r via 
In particular we have
and the tropical variety of X is given as trop(
We will use this fact later to examine the singularity type of X(A, P, Σ); see 5.11. Theorem 4.10. Assume that X is weakly tropical. Then X ⊆ Z Σ is weakly toric.
Corollary 4.11. Let X be an irreducible normal A 2 -maximal variety with only constant invertible global functions, finitely generated divisor class group and finitely generated Cox ring endowed with an effective action of an algebraic torus. Let X Y be its maximal orbit quotient with Y = Y (A, P, ∆) a general arrangement variety and let Σ be the fans of the corresponding minimal ambient toric varieties of X. If Y is weakly tropical and every cone σ ∈ Σ is projected onto a cone δ ∈ ∆ under the induced map trop(X) → trop(Y ) then X is weakly toric.
The rest of this section is dedicated to the proof of Theorem 4.10. Let X = X(A, P, Σ) be a general arrangement variety with maximal orbit quotient P c ֒→ P r . Denote by ∆ := Σ ≤c Pr ⊆ Q r the tropicalisation of P c ∩ T r endowed with a fan structure and by Z ∆ ⊆ P r the corresponding toric variety.
Lemma 4.12. Assume that X is weakly tropical. Then there is a commutative diagram
where the downward map π 1 corresponds to the projection of lattices
Since X is weakly tropical, the fan Σ maps via the projection P 1 to the fan Σ ≤c Pr . Now, by Construction 3.1 the variety Y is the maximal orbit quotient of the T s -action on X.
Lemma 4.13. Let Y := P c ⊆ P r be a linear embedding given by a matrix A as in Construction 4.3, let δ ∈ ∆ be a maximal cone and denote by Y δ ⊆ Z ∆ the corresponding affine toric variety. Let furthermore B := (e i1 , . . . , e ic ) consist of the primitive generators of the rays of δ, where i k < i l for k < l, set
and let Y (δ) be the closure of the image of Φ B . Then we have
is the open subset obtained by removing (r-1) closed subsets from Y (δ).
Proof. We have Y = P c and an embedding Y → P r , given by a matrix A = (a 0 , . . . , a r ), such that Y ⊆ Z ∆ is given by linear equations
where U 0 , . . . , U r denote the homogeneous coordinates of P r . Consider a maximal cone δ of ∆ = Σ ≤c Pr , i.e. any cone generated by c arbitrary rays of Σ Pr . By applying admissible operations on A 0 we may assume δ = cone(e r−c+1 , . . . , e r ). Then the corresponding affine variety Y δ is contained in the affine toric chart P r \ V(U 0 ) and due to its structure we obtain a parametrisation of Y on this chart:
where the η i are affine linear. Let t(x) := η −1 (x) denote the parameters of a point x ∈ Y δ . Then we have a T -equivariant morphism
, . . . ,
We have B = (e r−c+1 , . . . , e r ) and Proof of Theorem 4.10. Lemma 4.13 and Lemma 4.12 show that there is a maximal orbit quotient of a weakly tropical general arrangement variety X that is weakly toric and fullfills the conditions of Proposition 3.3. Thus X is weakly toric.
Structural results for general arrangement varieties
In this section we describe the structure of the anticanonical complex of a general arrangement variety X = X(A, P, Σ). In Proposition 5.7 we characterise the vertices of the anticanonical complex. As an application, we obtain first bounding conditions on the entries of the defining matrix P in terms of the singularities of X. With this characterisation we give a description for the set of exponents for log-terminal general arrangement varieties of complexity two with ample anticanonical class.
Let X := X(A, P, Σ) be a general arrangement variety of complexity c, X ⊆ Z Σ a toric embedding and T r+s the acting torus of Z Σ .
Pr be the subfan of the fan of P r consisting of all cones of dimension ≤ c. We define the tropical variety of X to be the tropicalisation of X ∩ T r+s in Z Σ endowed with the following fan structure
Let e 1 , . . . , e r+s be the canonical basis of C r+s and set e 0 := − e i . For I ⊆ {0, . . . , r} with |I| ≤ c set λ I := cone(e i ; i ∈ I) + lin(e r+1 , . . . , r r+s ) and define
We call λ I ⊆ trop(X) a k-leaf of trop(X) if |I| = k and λ lin ⊆ trop(X) the the lineality part of trop(X).
Construction 5.2. Let us denote with v ij := P (e ij ) and v k := P (e k ) the columns of P . Consider a pointed cone of the form
that means that τ contains exactly one vector v ij for every i = 0, . . . , r. We call such τ a P -elementary cone and associate to it the following numbers
Moreover, we set
We denote by T(A, P, Σ) the set of all P -elementary cones τ ∈ Σ. For a given σ ∈ Σ, we denote by T(σ) the set of all P -elementary faces of σ. , v 31 , v lin1 , v lin2 ), conv(v 21 , v 31 , v lin1 , v lin2 ) .
We computed the lattice points of A Note that due to the injectivity of P * the faces of P * (B) are exactly P * (F ) with F B. We conclude
Lemma 5.14. Let A be an (c + 1) × (r + 1) matrix with r > c, such that any c + 1 columns are linearly independent and consider the corresponding linear embedding α : P c → P r . Let h 1 , . . . , h s ∈ C[T 0 , . . . , T r ] be any generating set of the kernel of A. Then trop(P c ∩ T r ) is a subfan of the normal fan of B := B(h 1 ) + · · · + B(h s ), whereh i := h i (1, T 1 , . . . , T r )
Proof. Set e 0 := (−1, . . . , −1) and J i := {j; T j occurs in h i }. Observe that we can find a tropical basis of I := h 1 , . . . h s generated by linear forms. Thus cone(e i ) with i = 0, . . . , r are the only possible rays of trop(P c ∩ T r ). As each variable T k occurs in at least one relation of the generating set h 1 , . . . , h s there exists an i with k ∈ J i . Note that and σ is with the same arguments as above pointed and generated by a proper subset of the rays cone(e i ) with i = 0, . . . , r. Thus cone(e j ) is an extremal ray of σ and thus a ray in N (B).
Proof of Proposition 5.7. We show (i). Let Σ ′ be the comlete normal fan of the polytope B(e) in Q r+s , where e is a representative of the anticanonical class −K X . As −K X is ample, the fan Σ is a subfan of Σ ′ . Moreover, with P * (B(e)) = B(−K X )− e and Lemma 5.13 we obtain P −1 (Σ ′ ) = N (B(−K X )). We show that P −1 (trop(X)) is a subfan of N (B). Consider the relations h 1 , . . . , h t defining the linear embedding α : Y → P r as encoded in the matrix A. Regard h i ∈ C[T 0 , . . . , T r+s ] and consider the tropical variety trop(X) = trop(V Pr+s (h 1 , . . . , h t )). We obtain P * (B(h i (1, T 1 , . . . , T r+s )) = B(g i ) − l 0 .
With Lemma 5.13 and Lemma 5.14 we conclude that P −1 (trop(X)) is a subfan of the normal fan of B. It follows that P −1 (Σ) ⊓ P −1 (trop(X)) is a subfan of the normal fan of B(−K X ) + B. Projecting the involved fans via P to Q r+s gives the assertion.
We turn to (ii). Let ̺ be any extremal ray of σ∩λ, where σ ∈ Σ and λ ∈ trop(X). If ̺ ⊆ λ lin we can replace λ by λ lin and we are in the case treated in Lemma 5.6. So let ̺ ⊆ λ lin . Due to Remark 5.5 we can choose σ ̺ ∈ Σ and λ ̺ ∈ trop(X) such that σ ̺ ∩ λ ̺ = ̺. We choose σ ̺ minimal with this property, that means that we have ̺
• ⊆ σ
• ̺ . Since λ lin ⊆ λ ̺ and λ lin ⊆ σ for each σ ∈ Σ big, we conclude that σ ̺ is not big. Let σ ̺ Q n+m ≥0 be the face of the positive orthant with P ( σ ̺ ) = σ ̺ . Then due to the structure of the relations of X the cone σ * ̺ γ is an F -face if and only if σ ̺ ∩ λ i = ∅ holds for at most c different λ i . We conclude σ ̺ ⊆ σ ̺ + lin(e r+1 , . . . , e r+s ) ∈ Σ ≤c Pr × Q s = trop(X).
In particular we obtain σ ̺ = ̺. The assertion follows with Lemma 5.6 (ii). Assertion (iii) follows directly from (i),(ii), Lemma 5.6 (iv) 
